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hy 

Naftali  A.  l/uigberg 
AH: '-TRACT 

Wc  consider  a  group  of  n  susceptible  individuals  who  are  ex}>osed  to  m 

contagious  diseases.  The  progress  of  the  epidemic  among  the  individuals  Is 

modeled  by  a  stoclmstio  process  X  (O  (X  ,  Iti,  ....  X  (()),  t  In  (0.  •«•>. 

-n  n ,  1  n  ,m 

The  components  of  X^it)  describe  the  number  of  infective  individuals  with  t  ho 
respective  disease  at.  time  t. 

For  a  class  of  epidemic  model s  named  symmetric  r.;-d  linens  ional  simple 
epidemics  (Hillard,  Laenyo  and  Uuigberg  (l‘>yo]  we  establish,  with  a  suitable 
standartization ,  the  asymptotic  normal  convergence  of  X^l  t )  »ui  n  "  for 
t  in  (0  ,  >») . 


w 


1 .  Introduction  and  Summary . 

In  a  simple  epiilomic  situation  we  assume  that  a  population  of 
susceptible  individuals  (suscept  thles )  is  exposed  only  to  one  contagious 
disease  (disease)  Inailey  (IP7S)  I.  However,  tronuently  suscept ibles  are 
exposed  simultaneously  to  more  than  one  disease,  as  is  the  case  with 
different  types  ol'  flu.  In  this  paper  we  consider  a  population  of  suscept¬ 
ible*  exposed  to  m  diseases.  we  say  that  the  population  of  suscoptiblcs 
undergoes  an  m-d  miens  tonal  simple  epidemic  if  the  following  five  assumptions 
hold. 

(1.1)  Uach  susceptible  contracts  at  most  one  disease. 

(1.2)  Once  a  susceptible  contracts  disease  r,  r  =  1,  it  he  remains 

contagious  during  tne  duration  of  the  epidemic. 

(1.3)  An  infective  individual  (infective)  with  disease  r,  r  ■  1,  ....  in 
can  transmit  only  that  disease. 

(1.4)  Individuals  neither  join  nor  do  they  depart  from  tne  population,  and 

(1.5)  At  each  point  in  time  at  most  one  susceptible  contracts  a  disease. 

Let  T  denote  tne  first  time  we  Ivave  at  least  one  infective  with  each  of 
o 

the  various  diseases,  a.b  l.i  u  venoic  tuc  n,  .  '  ei  of  s..scc  tides  at  1  .  ..e 

'  ‘  o’ 

inscribe  tit*  progress  of  a.i  d  imons  lonal  simple  epidemic  among  suscept  ibles 

’ey  an  >i- u  mens  ion.;  I  siocnasiic  process  \  ( t  )  i\  ,  (t  ) . \  id).  The 

'  n  >1,1  n  ,n 

coriponents  ci  X  i».)  re,  ci’seiu  x  ue  twii.f.vr  of  mfectivcs  with  the  respective 

uiscascs  at  time  t  measured  from  I  . 

o 

Dillard,  Lacayo  and  Langberg  (197;>)  (til.L)  considered  a  special  case  of 
an  m-dimensionnl  simple  epidemic  and  named  it  the  symmetric  m -dimensional 
simple  epidemic,  vie  say  that  a  population  of  susceptible  s  Uuv-orjjoOs  u 
symmetric  m-dimensional  simple  epidemic  if  the  transition  rates  of  disease  1 


■mi. 


■fit-.  i'  ki— ttMtattaai. 


through  iu  at  time  t,  ttlO,**).  rigorously  defined  in  Section  2,  arc  res¬ 
pectively  given  by: 


(l.h)  n  'a.\  (t)ln-}1’’  ,  l\  (t)-\  i(')l),  r  »  1 . m,  a  t  (0,«), 

v  n,r  ‘•r-l  n,r  n,r4  4  • 


The  transition  rates  given  l»y  Iquation  (l.H  reflect  (a)  that  all  inter¬ 
actions  netween  a  susceptible  ami  an  infective  are  '‘equally  likely"  ami 
(b)  that  not  "too  many'  infect  ives  are  added  in  short  tine  intervals;  so 
that  the  duration  time  of  too  epidemic  does  not  tend  to  rero  as  n  *  *.  Ke 
note  that  the  symmetric  m-dimensional  simple  epidemic  generalises  the 
simple  epidemic  model  used  by  McNeil  (lu7-).  In  Section  2  we  construct  an 
m-dimensional  stochastic  process  that  describes  the  progress  of  a  symmetric 
ta-dimensional  simple  epidemic. 

Let  X(t)  «  fijlt) . !  !  ,  ttfO,**!  be  a  random  vector  (rvo)  with 

independent  components,  further,  let  the  random  variable  (rva)  \ ^ f 1. 1  have 

a  negative  binomial  distribution  with  parameters  e  and  bill, -,...)  for 

r  ■  1 . m  and  for  t <  (.0 , ""l  .  el. I.  (I'.i7;»)  assume  that  n  is  l.»iv.o 

compared  to  each  \  (,»»’),  r  c  1,  ....  m,  a  condition  formally  given  by, 

n ,  r 

11.7)  C im  X  (ill  *  b  ,  r  *  1 . m. 

4  n,r  r 

n**1 

They  prove  that  I'lX^  f(t)  -  X^  ^  (0)  *  k^,  r  -  1,  ..  ,  ml  can  be  approximated 
e  a^r*|l-e  rtt|  r  for  all  ttl0,"»).  and  state  it  formally  as 

follows ; 

11.8)  The  rve  X  (t )  converges  in  distribution  as  n  ♦  « 


m 

by  n 
r-1 


b  *k  -1 
r  r 


(converges)  to  the  rve  X(t )  for  all  tt(0,>"). 


Further,  15LL  (1979)  prove  that 


(1.9)  tne  b*1'  moment  ot'  X^  f(t)  converges  as  n  -*  -»  to  the 
p1'1  moment  of  X  (t)  for  all  t,  b  »  (0,*)  and  for 

r  *  1 .  ....  in . 

Thus,  in  particular  one  can  approx  mute  FX^  ^(t)  and  VariX^  r(t)}  by 
b  (ea  -1)  and  by  b^e*^  -e  )  respectively  for  r  =  1,  ....  in  and  for  t  e  (0.*). 

It  is  quite  conceivable  that  the  epidemic  starts  with  a  burst  of  infee - 
tives  with  the  different  diseases.  If  tins  is  the  case  Condition  (1.7)  does 
not  necessarily  hold;  consequently  the  approximations  discussed  in  the  pre¬ 
vious  paragraph  are  not  appropriate.  To  accomodate  this  situation  we  assume, 

in  constrast  to  Condition  (1.7),  that  the  number  of  infect ives  at  T  with 

o 

the  various  diseases  are  proportional  to  n.  For  technical  reasons  we  require 
a  bit  more  and  assume  that  for  r  =  1 . m 

(1.10)  fim  (n  »x  (d)-X  )*n’  ■  0,  where  \^,  ....  t(0,-»). 

We  note  that  the  univariate  version  of  Condition  (1.10)  was  assumed,  at 
least  implicitly,  by  McNeil  (197J)  to  obtain  his  asymptotic  result.  In  Section 
S  we  show  that  under  Condition  (1.10)  the  rve  X^(t),  with  the  suitable  stan¬ 
dardization,  converges  to  a  multivariate  normal  (MVN)  rve  for  tt(0,«»).  One 
can  use  this  result  to  approximate  the  state  probability: 

l’(X  (t)-X  (0)*.x  ,  r«l . m)  for  all  tt  (0,'®)  and  all  k  ,  ....  k  tlO.l,...). 

n,rv  n,r  r  1  n 

Lot  *n(t)  “  2r',i  xn  t  ^  i  0 ,~) ,  and  let  L(n),  n  =  1,  J . be  a 

sequences  of  integers  in  the  set  ll,...,n)  for  almost  all  n,  n  °  1,  -,  .... 

iv-1;.  F'irt.lec,  let  ..  *  1  ie  rva's  assuming  values  in  tin- 


set  {l,...,m}  designating  the  disease  responsible  lor  the  Xn(0)  ♦  infection 


:  c..  -ct  iveiy  . 

UWi  1  l  l  l.e  t  ,U'  1  li.  1C. 

.tv,  U  A  t  lUi,  , 

1.  .,ict  mil  S  wc  show  tn.it 

toe  rve  (1.  \nj 

ij^l^lU  =r),r=»l... 
N=i  ii,  q 

. ... j .  vcnv .  i\:  s , 

i i . i  t.io  suit.'  1c  standard 

izatio;.,  to  a 

.  V  .  I  «  Vt  i  i  V) V  1  v, 

(1.11) 

fim  n  ^L(n)  * 
n-w" 

Zt  (0,1 J. 

One  can  use  this  result  to  approximate  the  probability  of  having  simul¬ 
taneously  X.  CO)  ♦  W  infectives  with  disease  r,  r  =  1,  . m  when  tne 
n,r  r 

total  number  of  infectives:  X^O)  *  L(n)  is  "almost”  equal  to  a  propor¬ 
tion  of  n. 

In  Sections  3  and  4  we  present  some  lemmas  needed  in  the  proofs  of 
the  two  main  results  of  Section  S. 


2.  -kxiel  Construction. 


in  this  section  wo  construct  an  m-dimensional  stochastic  process  ttiat 

describes  the  progress  of  tiio  symmetric  m-dimensional  simple  epidemic  among 

the  suscept ibles .  .,e  need  some  notation. 

Let  k  *  1 . n  be  the  k— -  inter infect  ion -time  defined  as  tne 

time  that  elapses  between  the  X  (0)  ♦  k  -  1  and  the  X  (0)  +  k  infection. 
r  n  n 


Let  S 


=  0,  lot  S  =  V  T  ,  K.  =  1 . n ,  and  let  S  , 

n,o  n,k  Lq=l  n,q  n.n+1 


Further,  let  I  be  the  indicator  function,  and  let  J.  k  =  1,  ...,  n, 

k ,  r 

r  a  l . m  be  tlie  index  set  of  all  infcctives  with  disease  r  at  the  time 

*  Sn,k-1'  ^lnilUy*  let  n  i ,  j  ,  k  ’  1  =  1 . Xn(0)  *  k  ‘  j  =  •••' 

n  -  k  ♦  1,  k  =  1,  . ...  n  be  i.i.d  exponential  rva’s  defined  on  some  prob¬ 
ability  space  with  a  mean  ci(ual  to  no  * . 

Throughout  we  assume  that  the  rva's  n  describe  the  time  measured 

i  •  J  » k 

from  the  X  (d)  ♦  k  -  1  infection,  k  =  1,  ...,  n  until  the  i—  contagious 
individual,  i  =  l,  ....  X  (0)  «■  k  -  1  causes  the  j— -  susceptible,  i  =  1,  ... 
»  -  k  ♦  1  to  become  tne  k~  infective. 

he  are  ready  now  to  construct  tlie  desired  stochastic  process.  Let 
k  =  0 ,  ....  n,  let  r  =  1,  . ...  in,  and  let  t*lv*,®).  Then  the  following  event 
equality  holds. 

I! 

(2.1)  (.X  (t)-\  (0) 5k)  =  U  IS  -t-S  ,,  }'q  .  1  It,  ,=r)ik). 

q  =  X 

Thus,  to  construct  the  process  ^  (t)  it  suffices  bv  Statement  (2.1)  to  deter 
nunc  the  distribution  function  of  the  rve  {T  ,  T  ).  i.e 

determine  the  distribution  function  of  this  rve  in  the  following  twro  lemmas. 
Lemma  2.1.  Let  r  =  l,  ....  m.  Then 


r 


6 

,,{-n.l“r}  =  Xn,rC0)  \!  (0)  >  anU 

C.3) 

k'{Si,k=rK»,l  *  • -  ‘  'Si,k-1} 

■  ,«„..,"',Hxnlll)*k-ir1’ 1  ■ 2-  • 

...  n 

Proof.  Lot  k  =  1,  ....  ii.  Then 

('.4)  Uu  j.-r)  =  (mini  ni  ^  k:itJk  r«  j=l . n-k  +  1  }< 

in 

<  inintn.  .  .:ic  U  J.  ,j=l , . . .  ,n-k«-l }) . 
1 » J  »"■  e=l  *  >e 
o*r 


Consequently  Statement  (2.2)  anti  (2.3)  follow  by  simple  calculations.  |j 

Lemma  2.2.  Tue  conditional  rve  {T  . , . . .  ,T  )k  . (.  has 

-  n,l  n,n  1  n,l  n,n 

exponential  independent  components  with  means  respectively  equal  to 
n  a  ^n-q+l)  (Xn  VJ)  *q-l) }  1 ,  q  -•  1  ,  ....  n. 

Proof.  Let  k  =  1,  ...,  n.  Then 


l-'.  5) 


T  .  =  mint  n •  .  .  : i  1  , . .  . , 
n ,  k  i ,  j  ,  k 


>1  ♦k-1 1 , . . .  ,n-k+l } , 


Consequently  the  result  of  the  lemma  follows.  || 

Now,  we  show  tint  the  stochastic  process  constructed  in  the  previous 
paragraph  describes  the  pro.  e-s  of  a  symmetric  m-dimensional  simple  epidemic. 
Tor  the  sake  of  completeness  wo  first,  present  a  definition  of  the  transi¬ 
tion  rates  of  the  various  diseases. 

Definition  2.3.  Let  r  =  1,  . . . ,  m  and  let  telO,00).  Then  the  transition 

rate  of  disease  r  at  time  t  is  given  by: 

tim  I-'1  P{X  (fh)-X  _ (t )  =  1 1 X  (t ) } . 
h-*o+  ’  ’ 


In  this  section  we  establish  tin*  .isynptot  ic  behaviour  of  a  specific 


sequence  o t  ranuor.  vectors  wit  a  diricnlet  distributions,  t.o  later  use  tins 
result  in  Section  >. 

For  the  saWe  of  completeness  we  define  the  dirichlet  and  tne  bamrna  uis- 
c  i  hut  ions  . 

definition  .>.1.  Let  a . >  he  positive  real  numbers,  let  Ltel  - 

- -  1  i  v 

A> 

J  e  X.\'  10,  *>)  ,  and  let  A  -•  t  fx ^ . x.  ^ )  :  v  .*i’,r=l . t  - 1  ,}  \’  *  1  j . 

o 

■  >e  say  that  the  rve  {1.  ,...,1.  }  has  a  t’lnchlet  distribution  with  para¬ 
meters  Uj . i{.,  and  write  . i.  jivp^a . a.),  if  .is  density 

i  .  (  - 1  a  - 1  .  .  a  - 1 

function  is  equal  to  (  .1  l'ia  \\)L  a  1  ..  x  r  t,V-Vt_,x  1  "  1  i-O . 

r  v-r=l  r  r  r  tr=l  r 

definition  a,,.  l.et  0  be  a  positive  number,  he  say  that  tne  rva  V  has 

a  tiamma  distribution  with  parameter  t> ,  anu  write  \  Hl^O) ,  if  its  density 

-1  -x  I'-l 

junction  is  equal  to  li'id)  e  x 

hext ,  we  state  without  proofs  two  simple  propositions  for  reference 
purposes . 

Proposition  o.o.  Let  d  be  a  positive  integer  and  let  \  Hi(,dl.  Then  V 
is  equal  m  distribution  to  the  sun  of  a  independent  oil)  rva’s. 


r 


Proposition  a.4.  Let  ,  . . .  , 
1,  ....  t  be  independent  rva’s. 


'V-1 


•vt-lv 


'  '■Pl'ij  ,  .  .  .  ,a(  )  . 


be  positive  real  numbers,  let  V 

and  let  \  =  ^  ,  V  .  Then 
~r=l  r 


Le  are  ready  now  to  state  and  prove  the  main  result  of  the  section,  i.e 


need  some  notation.  Let  ,  u 

n ,  r 


r  =  1 . f  be  f  sequences 


i-urtnor,  lot 


of  positive  integers  conv ermine  to  •»  and  lot  a  -  )i  ,  a 
‘  ‘  '  n  • r=l  n,r 

,i  t  iu,l)  ,  and  lot  ,  1  -  1,  ....  t,  t  <  {  d  ,  A  ,  •  ■  •  i  • 


r.ieore:v.  a . 

j , 

i.et  i 

"n ,  1  ‘ 

. . . , 

■  ,  >  s-'ta  ,  . 

n  ,  i  -  1  n  ,  1 

. i  )  ,  n 

n.t  ’ 

lurt.ier,  let  d 

-  i  _ 

1  *  '  '  ' 

’H-l 

,*  t>0 

a  iVS  rve  such 

that  id  -  d , 
r 

rt  l  1 . t-!i, 

a  ru: 

that  ; 

LJ  J 

1  \ 

*  - 

:vy 

.  ,  (  - 1 } . 

Let  us  assure  that 

(3.1)  Hi.; 

n 

'•‘,n 

l 

a 

n.r 

-rr)- 

a 

n 

v  r  =  *•  ••• 

,  f,  and  that 

( 3  .  J )  an 

n 

y< 

r- 

1  l’r 

-  i  , 

A  1U 

n 

V4'  .  =  o. 

“-1  =  1  vr 

‘"on 

r  A  , 

n 

•  •  •  .1 

i  ■ . 

,  ■  V  >  1  s  l-  -Vs 

-  !  !1 

.  ■  to  -  . 

Proof.  Lot  1  u.(l),  »{  =  1  ,  J .  i-l,  !  no  i 

-  ,t>1  • 

1  1  r 

sequences  of  independent  rva's  am.  let  A  -  a  'i  '  V  ,  r 
'  n,r  n  -q=l  q,r 


l ,  : . 


id'  ■  p  (i-p  i 
r  r  1  r 


inuependent 
=  l ,  ....  t  , 


1. 


l.aca  of  tile  rva's  \  ,  r  i  , 

n ,  t 

oy  tne  normal  ventral  limit  tneoreri 
- 1 ,  - 1  /  - 

p\  -a  a  1  a  a  . 

n ,  r  n ,  r  n  n  n ,  r  ,  n  =  1 ,  -  , 


e  note  that  the  rva's  A  .  r  -  l  , 

n  ,r 

and  that 


...  <  consists  ot  i.i.d.  summands.  inns 
l.oeve  O-h’.'l,  p.  J’.’S  ]  the  sequences 

r  -  1 . f  converge  to  N (.0,1)  rva 1 

.vo  i;;..v  cm  cut  'or  r,  >  1,  .... 


p\  -p  )  >'a  =  i  p-\  -a  a  ^  Ha  a  * /  "1 1  (a  i  * 

H, r  1  r  n  n,r  n,r  n  n  n,r  n,r  n 

nan.r‘‘n1^,r),7ln'  r  =  1 . l*  n  =  l*  J . 

Consequently  by  dona  it  Lon  (..’.11  tne  rvolA  ,-p.Ka  ,  . .  .  H-A  -p)*u  }  urn- 

verges  to  a  normal  rve  of  independent  components  with  means  equal  to  ’  aim 


variances  equal  to  p  ,  r  =  1,  ....  i.  respectively. 


,>ow,  let  b, . it  ,  be  real  numbers  such  that  )*  Hb  I'd  and  let 

1  i-l  i-r=  1  r 


r(x . ,x  .)  =  I  |b  x  )i)1  ,  x  )  1 .  bv  Proposition  o.d  a  A  M'-ia  ), 

Ml-  *  t  lLr=i  j-  r  '■cr=i  r  n  n,r  1  n,r 


-1 


r  «  1  ....  £  hence  by  Proposition  5.4  the  rva's  8  and  e(A  ......A  .) 

*  ir*l  r  n,r  n,l’  ’  n,t' 

are  equal  in  distribution  tor  n  =  1,  2,  ...  .  he  note  that  tne  function  g 

lias  continous  and  nonvanishing  first  order  partial  derivatives  at  ). 

Thus,  by  Condition  (3.2)  )  ,8  converges  to  a 

**r=l  r  ,ljr 

Hfr:\  Br  Qr,  fr:\  ej  Pr-(^:jBrPr)2)  rva  iKaolli>73)  p.  387]. 

Finally,  tne  convergence  of  Br  V.'^  ^  to  a  normal  rva  with  tne  para¬ 
meters  specified  above  for  all  real  numbers  tf  .  ....  .  such  that  !  I  r>  I'd 

1  t-1  z*r=l  1  r 1 

is  equivalent  to  the  result  of  tne  theorem.  [Billingsley  (19b8),  p.  4!<  J.  || 


•  ■  Lho  .isvmj.tot  to  ooli.u  iohv  ot  X  ^  1. 

Lot  1 1 1.  )  *  n'^'.'K't  >|*l  )  t  X  ii'l*,|  >'*  *  .mu  lot 

.«‘lLinlt  •  it* '  *  t  l"  r"l'  t»"4>l  ■  '*  .n  l  ,  .  Imthoi.  I  ot 

i  H 

V  «  V]  ,  lot  t  t I  -  .i  l(l«\'  *  t  <m  i  \ )  v  I  :  t  .  I  ,  I  1  ,  an,!  lot 

uLt  )  oo  tlto  invov-o  umot  ion  ot  t  i :  t  ,  i.vt>  •  \\  \  *ox|Mt  1 1  •  V  !  t(  l  * \o\j\»t  1 1  •  V ' 

1 <  !  i'  ,-*•)  .  It  it. 1 11',  lot  i‘tl'  •  i  l  •  \  '  i  ,'t  \  i  1  *  V  1  '  ♦  \  *  l  l  *  \  1  *  ♦ 
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I  oi.mi.i  t  .  I  .  lot  us  .issmuo  th.it  »  .null  t  ton  il.U't  not, Is  nn.l  tn.it 

II. lt  t  u.i  in  *  l  tut  :  1  •  n  -  \  ,  : .  (0 ,  l )  ,  t .  (  •v.  vt  . 

n  *■" 

luon 

1 1 . t  ,  tm  l  l  il-int  oti.-tt’ii  -  1)  ^ 

n  »•" 

I'voot  .  Lot  >  ■>  u  'tm  l  m  1  an.!  lot  •'  ii  \int  m  t  ♦  |  1  \  , ,  t  v 

H  11  it 

n  *  l  ,  •! .  ho  ot'sov'o  tli.it  ^nt  Itl^n't  -  n  ,  xitjX  n't*  \  t) 

*  mi  lint,  , ,  ,  ..  , I.  mi  *  I  int  .1  1, 

•it  I  l  in  i  n\  1 1 1  \  (.' )  ♦  in  1 1 1  >li  -  I  t  l  i*t  tit*'*,  t  t  ,li  .  t . 

'  n  n  ii 

"  ,  ; 

(h  t  t  im  11  *  '  0  ,  i-..l  i  .ii  ,.  '  •  .  i  .  ‘  ..,ioi. 

n ’’  u  o. 

it  Mitt  loos  hi  t  lio  hum  n  valtio  tltoovoin  nn.l  St.itononts  ^at,  aim  n  1  to 


show  that 


(4..M 


Lint  t  /  *'  ^  ( 1  ^l(l-y)(\*y)>  Kly  )•  n  -  vl  (  X  ♦ : )  ( 1  ; 

iv***  : 

since,  at(il  n  |  "1  ( I  ->  1( \*y  )  1  ',h  , 
o 

Pinal ly,  .statement  (4..i)  follows  clearli  tvom  the  mean  value  theorem 


•i lul  Com!  it  ion  (4.11.  || 

l.cwma  4.2.  i.et  us  assume  that  loiul 1 1  ions  (1.101  ami  (4.1)  hoKl.  1  hen 
(4.4)  Ciro  no‘(L(n)l  =  ( 1  ♦  V  )~‘  {  :.\ " 1  ( \«  /  )  ,*-ll  1  ’  l«.\if{;)). 


Proof'.  ..e  observe  that  o'll.inl  -  n‘ i\  it'l*n)  “I  V* '^’\n-u»  11  *♦ 
-  n  *'\\*  1 

*  y  ^  (^,j(l1l +ll"  1 )  *  *I(l(n)).  1'he  conclusion  of  the  lemma  follows 


t  rom  Statement  (4 .2)  since,  1’im  :)'*'* " 1  (n-q*  1 )  r(l-i)'1  ami  since, 

1 1 


n 


'  (0)*q-l)  *■»  z  \  '(\*;1  1 

*•0*1  n  v 


l.cmnut_  ,S .  Pet  us  assume  that  t'omlitions  (1.10)  ami  (4.1)  hold.  Then 

(Sn  j  ^-t’i;))*’n  converges  to  a  U(v»i  *((♦;)  '(1  ;)  ', 

(1  ♦>)  “■{  i \  1  ( \  *r )  1  ( 1  -  *  1  ^*Jt  (r )  1 '  \  , . 

Proof',  l  et  \'  UJ(1)  ,  q  -  l,  . he  a  sentience  ot'  independent  rva  ’  s 

•1 

Portlier,  let  I  ^  ^  -  n(.iv’ (l.(n) )  (n  q*  1 1  (\^  (i’)*q  1 1 1  \\  •  1 ) ,  q  *■  1 . l.(n) 

n  -  1,  J . ami  let  c(l.(n))  -  uol.(n)n  1  mm  {(n-q«l)(\  (0)*q-l)l. 

1  ■•qs|J(n)  ” 

l<v  Lemma  ,!.4(M  the  rva’s  (S  .  IS  ,)o  \l.(nl)aml  are 

n,i.(n)  n.l.(n)  *-q*  l  n.q 

equal  in  distrilnit  ion  tor  u  =  l,  .  tie  note  that 

-1  J  l ,  ’ 

(S  -t(;))*'n  -»  (S  -IS  lo  ll.(nl)(no  (l.(n)l1 

n,l  (ii )  k  n,l.(n)  n,l.(n)  '  v 

♦  vi  1  ( i  (l, (nl  1  -of  (; ) )»  n  . 


Thus,  to  prove  the  result  ot’  the  lemma  it  suffices  by  l.cmmas  4.1  ami  4..'  tv' 

show  that  } '' V  converges  to  a  N(0,.i  *1  rva. 

*'«1«  1  n,q 


Next ,  wo 

and  lot  n  i<) 
n 


show  that  V^I^F 

LqKl  n. 


[1'°')urJ  mi- 

Li|*l  n, q  v  n,i 


converges  to  a 
'<-1 ,  »  =  l  , 


N(0,« 


1 

*)  rva.  Lot  t  >0 
Clearly,  for  all 


_  ?  ^ 

t’O  S  a  ""‘-t  IVj -1 ) ‘"lilV  -1 1 'co  (L(n) ) } ) ,  by  tiu*  dominated  convergence 


theorem  we  have  for  all  c>0  that  Cim  h  (.e)  =  0  since,  fini  c(L(n))  •  *».  Iluis, 

L(n)  -  ’  n+<“  11 

L  ,  F  converges  to  a  N(0,a  “)  rva  by  the  normal  central  limit  theorem 
'i""  *  n  » *• \ 

LLoftve  (1005),  p.  2801.  jj 


Uc  arc  ready  now  to  prove  the  main  result  of  this  section. 

Theorem  4.4.  Let  us  assume  that  Condition  (.1.10)  holds,  and  let  tflO.H. 

Then  {n  (X^  ^t)  -X  (0))-p(t)  }/n  converges  to  a  N f 0 , r  “  (. t ) )  rva. 

_  1  /  > 

Proof.  Let  ve(-«v»)  and  let  L(n)  =  i  (vn  ♦»i(t))n|,  n  »  1,  2 . 

'/e  observe  that  P{  (n'1  (X^(t) -X^IO)) -n(t )  )»'n  >v)  =  IMS^  1(^<t}  • 

P€CSn  -f  lu(t))*'n  <o).  Now  we  note  that  L(n)  satisfies  Condition  (.4.1) 
with  z  =  n(t)t (0,1) .  Thus,  the  conclusion  of  the  theorem  follows  from 
Lemma  4.3.  | | 

- 1  r— 

Finally,  we  observe  that  (n  X^(t ) -n (t ) -X) /n  = 

{n*l(Xnlt)-Xn(0))-n(t)}4r  ♦(Xn(0)-X)/iT  for  n  =  1,  2,  ...  .  Thus,  we  obtain 
by  Condition  (1.10)  and  Theorem  4.4  the  following. 

Corollary  4.5.  Let  us  assume  that  Condition  (1.10)  holds,  and  let 

-1  r-  ’ 

tc(0,«°).  Then  (n  X  (t)-ii(t)-X)/n  converges  to  a  N(0,T*'(t))  rva. 


I 


It 


S.  Main  Results , 


-1 


Let  y  =  X^X  ,  r  =  1,  ....  m,  aiut  let  z  be  in  the  interval  (0,1  J. 


In  this  section  we  prove  under  Conditions  (1.10)  and  (1.11)  our  main  results 

-1.  .  i"L  ( n ) , 


First,  we  show  tnat  t  no  rve  {(I,  (n)£  _  I  (i.  -r)-Y  )»  \i),r=l . m]  converge-, 

i|=i  i'  i*i  r 

to  a  .-!VN  rve.  Next,  we  show  tnat  the  rve  ( (n  '.X^  r  ( t ) -Yrt‘ (t ) -Xf) /n  ,r=l  , . . .  ,m) 
converges  to  a  .IVN  rve  tor  all  t «■  (t* ,**’) . 

For  the  sake  of  completeness  we  present  the  following  definition. 


definition  5,1.  Let  X  ,  q  =  1,  2,  ....  be  a  sequence  of  rva's.  be  sav 

-  q 


tnat  Y  ,  q  =  1,  J . is  an  exchangeable  sequence  of  rva's  if  for  all  posi¬ 


tive  integers  n  and  all  permutations  II  of  the  set  (l,...,n)  the  rve's 


(X . anC.  (X'jj  j  ^  , . . .  ,X  j  ^  }  are  equal  m  o  i  m  rt hut  ton. 


Let  n  be  a  positive  integer,  from  liquation  12.2)  and  the  extension  of 


liquation  (2.5)  to  all  kt{2,5,...}  we  conclude  that  f,  ,  q  «  l,  2,  ...,  is 

n ,  q 


an  exchangeable  sequence  of  rva's.  Huts,  by  del-  i  net  t  i '  s  theorem  ("Feller 


(11*00)  ,  p.  225  I  there  is  a  rve  W  «{K  .J'-lUX  (0) . X  (0)1 

'  -n  n  ,1  n  ,m- 1  n,l  n  ,m 


w  ,  q  =  1  ,  2 . consist s 

n.q'-n'  1 


such  that 

(5.1)  The  conditional  sequence  of  rva’s  £, 
of  i.i.d.  rva’s,  and  that 

(5.2)  I’U  =  r | li  }  *  l.  ,  r  =  1 . m-J. 

u,l  -n  n,  r 

To  prove  the  first  main  result  we  need  some  notation  and  two  lemmas. 


Let  be  the  distribution  function  of  a  N(0,1)  rva ,  let  II  =  (IV  -v  )>n, 

v  n ,  r  n ,  r  1  r 


r  -  1,  ....  m-1,  n  =  1,  2,  ...,  and  let  bj  ,  ....  b(|i  j  be  real  numbers. 


Further,  let  1^  j(s)  *  1  (.  |l»n  r  l-»s,r=l . m-1 ) ,  s<(0,<"),  let  0‘lbj . Hml 


)  = 


Cl  6r"„.r-C:l  U"  . VlH^!  ^vCl  W’- 


rntml  *  -  i I-  • 


-ju.  - .,r,,  n  ■■m— 


1  a 


throughout  wo  assume  that  b  «=  V'1  J  |  ti  |  -it. 

‘TBl  r 

Lemma  5.2.  Lot  l<ln)t{l . n),  n  ■=  1,  2 . l>e  a  sequence  of  rva’s 

independent  of  for  n  =  l ,  2 . lot  ,lw)  =  1 i 1  n"1  U(n) |  *n  sw), 


and  let  B(Kln)  ,x)«  lx-tt m) ^ r )tt~ l/ "  Inin"1  in, . t'ni  l )  ,  n  *  1,  2 ,  _ 

x<l-«\"),  wt(0,»).  Then  for  all  real  numbers  s  and  w 

ts-3)  iim  su>’  ii;i,1,:(w)in1iesHio:i;:i^r^,;’u«. „  -r)«i  - 

HV  _  (\MV  ’  *  »  *  » 

-  «M»lR(n),x))|  =  0. 


- 1  /  2  . 


Proof.  Lot  It  =  y,u‘!  h  1  (.4  =r) ,  <|  =  1 ,  2 , 

-  n,q  Lr=l  r  '  n.q  1  ’  1 


by  Statement  (..>.!) 


and  by  the  independence  of  Kin)  and  W  the  conditional  rva's  li  h;  ,K(n) , 

n  n,q'-n 

q  3  1 .  ....  are  i.i.d.  by  Statement  (5.2)  and  by  the  independence  of 

bln)  and  l I^.RUO)  =  ,r  «»*>  V;'rO'n>1  l^,«U«0)  - 

■  o;  . ) ,  n  =  1 ,  2 ,  ...  .  we  note  that  =7"’  ~fb  V*1  C*0  i 

n  1  m-1  *-q*l  n,q  *T=1  r^q-l  '  n,q 

and  that  j  It  .-!i(li  .  |w  ,R(n) )  |s2d ,  n  =  1,  2 .  Thus,  by  the  berry- 

llfJl  1 1 

Lsseen  bound  I Loeve  fl9n3),  p.  28b  I 

IS. 4)  Sup  1  Un  =r)sx|!^,Ken)}-^UnKln)fx)}| 

-  iVv  \  V  *  *  • 

-1  /2 

s2cbK  (n)0  '  (.bj . bm  j),  whore  c  is  a  positive  constant. 

Now,  I-  I  ,(w)I  1ls)I(V'"'!b  =r)vX)  - 

n,2'  n,l  '  ‘r=l  r**q**l  n,q 

"  1  ^n  ,2  !n  ,1  1  ^r^l^r^q^l }  1  ,q’r^SX^  ,R^n^  ^  tor  «  =  *.  . » 

we(0,~).  Thus,  to  prove  Statement  (.5.3)  it  suffices  by  Inequality  15.4)  to 

show  that  for  all  s,  wc  ((),<") 


(S.5) 


t  im  hi  ,(w)K  ^  in)  1  .  (s)U  .  )  =  0. 

n,2'  n,l  n  1  m-1 

n-*«  ’  ’ 


Finally,  we  prove  Statement  15.5).  Let  s,  wild,®).  We  note  that 

C | Bj  | . I^.jh^’r-l  B^lV!,n"1/‘')-l^ll»'rICVsn"l/‘))fc  0,1  the  sot 


10 


^  lUn,r I ^s,r=1 » •  •  •  »ra*l} »  anti  t,iat  tIr_2^r(Yr'sn  ”(^r=l  l®r I  (Yr*sn  )“j 


-l/2)_,rm-l. 


2  2 

*  0  ( I Bj I  * • • • » |Bm_j I )s0  (6j , . . . •  Now  for  n  sufficiently  large 


0  5  In.2(w:iR‘1/2cn)  *  n‘1/2(2-n-1/2w)-1/2  and  1^(5)  (^(Bj.. . .  .8^)  is 


bounded  from  above.  Consequently  Statement  (5.5)  follows. 


Lemma  5.3.  Let  Z  =  (Z, . Z  ,}  be  a  MVN  rve  such  that 

— — —  —  i  m-i 


EZr  =  0,  EZr  =  Yr(l-Yr),  re(l, . . .  ,m-l}  and  that  EZ^  =- y-Yj  ,  i*je{  1 , . . .  ,m-l } . 


Let  us  assume  that  Condition  (1.10)  holds.  Then  (U  , , . . . ,U  ,)  converges  to  Z. 

n,l  n,m-l  — 

Proof.  IVe  note  that  (X  *(0)X  (0)-y  )/x  (0)  = 

-  v  n  v  ’  n,rv  J  'r'  nv 


-  /nX^1(0){(n'1Xn  r(0)-Xr)/?r-Yr(n'1Xn(0)-X)/JD,  0  =  1,2,....  Thus,  by 
Condition  (1.10)  £im  (X'X(0)X  (0) -y  ) /TToT  *  0  for  r  »  1,  ....  m,  The 

n-H»>  “  n*r  r  n 

result  of  the  lemma  follows  now  from  Theorem  3.5  since,  E™.jYr  *  1 .  | | 


We  are  ready  now  to  prove  our  first  main  result. 


Theorem  5.4.  Let  us  assume  that  Condition  (1.11)  holds.  Let  {Z, ,...,Z  } 


be  a  MVN  rve  such  that  EZf  =  0,  EZ2  =  (l+z)Yr (1-Yr) .  re{l,...,m)  and  that 

EZ^Zj  =  - (l+z) y^Yj  ,  i*jed , . . . ,m} .  Then  the  rve 

<  (L"1  (n)!^3 1  CCn  q=r)  -Yr)/L(HT,r.l •# . . .  ,m}  .converges  to ,Z . 

Proof.  Let  ( L‘ 1  (n)  I(Sn  -r)  -Yr  >  (n) ,  r  =  1,  ....  m, 

n  =  1,  2,  ....  let  ::n  =  BrMn,r'  n  “  l’  2’  *’  let  M^N(0,  (l+zJO2^ , . . .  .B^j) ) 

rva,  and  let  en(x)  =  (L_1/2(n)x-*£”"  jerYr)L(n) ,  n  =  1,  2,  ....  xe(-»,»). 

Since,  F_  .  M  =  0  to  prove  the  result  of  the  lemma  it  suffices  to  show 
"r=i  n,r 

that  {M  .,..., M  ,}  converges  to  (Z,,...Z  , Further,  to  prove  the 

n,l  n,m-l  1’  m-1 


preceeding  statement  it  is  enough  to  show  that  M  converges  to  M  for  all  real 


numbers  81,...,Bn|_j  such  that  1^1*9  (Billingsley  (1968),  p.  49],  Next, 


we  show  that  Mn  converges  to  M. 
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we  observe  that  IlillM  sx)-II  (s)I(H  sx)|  s  ZP{  111  I 's  ,r*l , . . .  ,m-l ) 

1  n  n ,  1  i)  '  '  n ,  r 1 

for  n  »  1,  2,  ....  and  for  si(0,«).  Hv  Lemma  5.5  fim  fim  P{  |l)  j  >s  ,r»l , . . .  fm- 1 } 

*;  *<v  p  * 

*  0.  Thus,  to  snow  that  iq  converges  to  M  it  suffices  to  prove  that  for  all 
xe (-«,-) 

(5.0)  fim  fim  1. 1  ^  ^s)l  (M  sx)  «  P(Msx). 

Next,  we  apply  Lemma  5.Z  for  a  sequence  R(n)  ,  n  »  1,  2,  . . . ,  of  rva's 

degenerate  at  L(n) .  Let  w«.  ((',">)  then  I  ,(w)  *  1  for  n  sufficiently  large, 

n  .* 

Hence,  we  conclude  from  Statement  (5.3)  that  fim  fimlf.l  .  (s)l(M  s:)- 

1  i  i,l  n 

|)-WP  9 

-  Ll^  ^  fs) #4  B(Lln)  ,e^(x) }  |  ■  0.  Thus,  to  prove  Statement  (S.o)  it  is  enough 
to  show  that  for  all  xi  (-*>,«•) 


(5.7)  fim  fim  LI  , ($)t(B(L(n) ,e  (x)))  ■  P(Msx). 

s«»  n-Kv  n>1  n 

Now,  we  observe  that  |l:(l  ,  (s) -1  )<M  b(l,(n)  ,e  (x)  J  s  JP(|ll  |  '*s,r*l , . . .  ,m-l ) 

n  1 1  n  |  r 

for  n  *  1,  Z . and  for  stl.O,-').  Thus,  by  Lemma  5,3  to  prove  Statement 

(5.7)  it  suffices  to  show  that  for  all  x«.(-",'w) 

(5.8)  fim  t:+(B(L(n)  ,e  (x))>  *  P(Msx). 

n-^’c 


Finally,  we  prove  Statement  (5.8).  Let  Z  be  a  N(0,1)  rva  independent 

:hat  LfdB(L(t 


of  W  for  n  ■  1,  2 .  We  note  that  Lid B(L(n)  ,c  (x)))  =  P{ZsB(L(n),e  (x))} 

— n  n  n 


“  p^0n(»! . Vl>  *  lWVUn,r)L  (n)"’  sxK  ^  Lemmi*  S-'  5-1  Vn.r 

converges  to  a  N(0,04,(bj , . . .  ,8m  ^))  rva.  By  Lemma  5.3  and  by  the  dominated 
convergence  theorem  Z0  (0,,...,tfm  j)  converges  in  probability  to  Z0(8j , . . .  p 
Since,  Z  is  independent  of  for  n  *  1,  2 . Statement  (5.8)  follows.  || 


Next,  we  prove  our  second  mam  result.  *.c  need  the  following  lemma. 

Lemma  5.5.  Let  t  be  a  positive  real  number  and  let  n  be  a  positive  integer. 


i 


Then  the  conditional  rve  {X  ft)-X  fO) ,r-l , . . . ,m} |X  (t)  and  the  rve 

n,r  n,r  n 

xn(t).xn(°) 

(7  ,  I(£_  =") ,r=l, . . .  ,.1}  are  equal  in  distribution. 

Proof.  Let  k^,  . ...  km  be  nonnegative  integers  such  that  k  ■ 

By  Equation  (2.1) 

P(  Xn ,  r (t }  _Xn ,  r  (0)  “kr  *  r“ 1 . * pXn  (*)  -XB (0) -k)  - 

•p{Sn.k<t<Sn,k*1^5-lIUn.q“r)“kr*r“1 . m}* 

By  Leona  2.4(a) 

l>(Sn>kst<Sn.k.l-l5-lI(tn.,*r>kr-r*1 . ‘ 

•  ,’(Sn,k«<Sn.k.l>Pll5.1I«n.q*r)-kr-1*1 . »>  * 

’  p<Vt>-V0)-k,P<*$-XI(£n,,‘r)-kr’r-1 . mK 

Consequently  the  result  of  the  lemma  follows.  | | 

Theorem  S.6.  Let  us  assume  that  Condition  (1.10)  holds,  and  let  te(0,») 


Further,  let  Z(t)  ■  {Z^ (t) ... .,Zm(t)}  be  a  MVN  rve  such  that  EZr(t)  «  0, 

EZ2(t)  -  T2(t)y2  ♦  u(t)(l+u(t))Yr(l-Yr) ,  re(l,.. . ,m),  and  that 
2 

EZ^(t)Zj(t)  =  (t  (t)-u(t)  (l+u(t)}yiYj  ,  i*jcd  , . . .  ,m>  .  Then  the  rve 

{(n-1X  (t) ~y  y(t)-X  )»/n,r«l, . . .  ,m)  converges  to  Z^(t)  . 

n  j  r  x  x  * 

Proof.  Let  v^,  ....  vm  be  real  numbers  such  that  I™-ilvrl>^'»  an<* 
en  X(x)  =  (xn'1/2+u(t)^ailvrYr)n,  n  ■  1,  2,  ...,  xe(-»,»).  Further,  let 

An  c  ^  ?-l  vrUXn,r(t)_Xn,r(0))n’lrV(t)}p  n  “  lp  2 . let 

A'^(0.Zjal^(vCt)*p(t)(l^u(t))Yr(l-Yr)^2  J  v.v.(T2(t)-y(t)(l-y(t))), 

let  V  (t)  *  ((X  (t)-X  (0))n-1-y(t) }/n,  and  let  R(n)  *  (n'1/2V(t)«-y(t))n. 
n  n  n  n 

Finally,  let  B(R(n),x)  be  as  in  Lemma  5.2,  and  let  I  (w)  »  I ( J V  (t)jsw), 

j  n 

n  *  1,  2,  . . . ,  we(0,«) . 


By  Leona  2.4(a)  the  rve  {£  }  and  the  rva's  X  (t),  te(0,«)  are 

ji  i  x  n  j  n  n 

independent  for  n  *  1,  2,  ...  .  Thus,  Xn(t),  te(0,»)  and  are  independent 
for  n  ■  1 ,  2 ,  ...  . 
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We  note  that 

(n  *X  (t)-y  u(t)-X  )/n  ■  (X  (0)-X  )/n  ♦  {n  * (X  (t)-X  (0))-y  p(t))/n, 

n,r  r  v  r  n,rv  rJ  v  n,rv  n,rv  'r  v 

r  ■  1,  . ..,  m.  Thus,  to  prove  the  result  of  the  theorem  it  suffices  by 

Condition  (1.10)  to  show  that  the  rve  {(n"1^  r(t)-Xn  r(0) ) -yrM (t))/n,r«l , . . .  ,m) 

converges  to  Z(t).  To  prove  the  preceeUing  statement  it  is  enough  to  show 

that  A  converges  to  &  for  all  real  numbers  v,,...,v  such  that  ym  ,|v  l>0 
n  *  1  m  ‘•r^l1  r1 

LUillingslcy  (19b8) ,  p.  49],  Since,  by  Theorem  4.4  A  converges  to  A  for 
V1  *  V2  *  Vm  *  it  suffices  to  prove  that  A^  converges  to  A  for  v^,  .... 
such  that  lm  ,|v  |>.'  and  that  ||v  -v  |>0.  Let  us  denote  v  -v  by  6  , 

r  «  1 . w-1  respectively.  Next,  we  prove  that  A^  converges  to  A.  Wc 

assume  throughout  that 

We  note  that  | E I ( A  Sx)(l-1  ,(s)l  (w)|sP{|V  (t) | >w)*P{ |U  |>s,r«l , . . . ,m-l } 

n  n , l  n,3  n  n ,  r 

Thus,  to  prove  that  A^  converges  to  A  it  suffices  by  Theorem  4.4  and  Lemma  5.3 
to  show  that  for  all  x£(“,®) 


(5.9) 


fim  HI (A  sx)I  .  (s)I  , (w)«P{ A<x) . 
s^.  n  ”.1  n,3v 


Next,  we  note  that  by  Lemma  5.5  EUA^soOI^  ^ (.s)  1^  ^(w)  * 

-  E{I  ,(s)I  -(w)E(I(A  sx)|w  ,R(n))}=EI  ,(s)I  .(wJKj"  ,v  yR^l(«  »r)se  .  (x 

n,lv  n,3v  ’  n  1  '-n'  v  n,lv  n,3  v‘'r»l  r^q=l  n,q  n,lv 

Since,  ^*r)  *  1,  q  =  1,  2,  ...,  n  *  1,  2,  . . . ,  we  obtain  that 

El  ,(s)I  ,(w)  I(A  sx)-EI  ,(s)l  -r)S>*  (x)-v  R(n)). 

n,lv  ’  n,3l  v  n  1  n,lv  n,3^  '  Vi-r=l  r^-q^l  v  n,q  ’  nv  m  '  " 

Thus,  to  prove  Statement  (5.9)  it  is  enough  to  show  by  Lemma  5.2  that 
(5.10)  fim  fim  El  ,(s)I  ,(w)*{B(R(n)  ,e„  ,(x)-v  R(n)  )-P{  Asx) . 

%-*m  n-*®  *  ’  n> 


Now.  |E(ln >1(s)Inj3(w)-l)^{B(R(n),en>1(x)-vmR(n)}sP{|Vn(t)|>w}  ♦ 

♦P(|U  |>s,r"l . m-l>.  Hence,  to  prove  Statement  (5.10)  it  suffices  by 

n  f  r 


20 


Theorem  4.4  and  Lemma  5.3  to  show  that 


(5.11) 


firn  B(R(n)  ,e  ,(x)-v  R(n) )  )»P{  dsx) . 
n  • 1  * 


Finally,  we  prove  Statement  (5.11).  Let  Z  be  a  N(0,1)  rva  independent 

of  V  ft)  and  W  for  n  -  1.  2,  ...  .  Now  L*{B(R(n),e  .(x)-v  R(n))  - 

”  •’  n  p  i  m 

-  P{ZsB(R(n) ,e  .  (x) -v  Rfn)  )-PU0  (B. , . . .  )R1/‘\n)n‘1/2»n‘1R(n) U  ♦ 

n$i  m  ni  ai-1  v  *-r*l  r  nfr 

♦(i™-1'>rYr)V|j(t)^x) .  By  Lemma  5.3  and  Theorem  4.4  n  *R(n)£^ Jfirun  r  converges 

2  2  ’ 
to  a  N(0,y  (t )0‘ (Bj , . . . ,Bra_ ^) )  rva.  By  Lemma  5.3,  by  the  dominated  convergence 

tl'eorm.  and  t<\  V.teorer.  4.4  2j  (B,....,b  .  V".  ‘i.\)n  '  "  converges  in  probability  t, 

it  l  m-1 

1/2  2 

ZOfBj , • . . ,Bml)n  (t).  By  Theorem  4.4  V  (t)  converges  to  a  N(0,t  (t))  rva. 

Since,  V^ft)  and  Z  are  independent  of  K  for  n  ■  1,  2 . Statement  (5.11) 

follows.  | | 
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